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I derive a dual description of lattice fermions, specifically focusing on the t-J and Hubbard models,
that allow diagrammatic techniques to be employed efficiently in the strongly correlated regime, as
well as for systems with a restricted Hilbert space. These constructions are based on spin-charge
transformation, where the lattice fermions of the original model are mapped onto spins and spin-less
fermions. This mapping can then be combined with Popov-Fedotov fermionisation, where the spins
are mapped onto lattice fermions with imaginary chemical potential. The resulting models do not
contain any large expansion parameters, even for strongly correlated systems. Also, they exhibit
dramatically smaller corrections to the density matrix from nonlinear terms in the Hamiltonian. The
combination of these two properties means that they can be addressed with diagrammatic methods,
including simulation techniques based on stochastic sampling of diagrammatic expansions.
Introduction
The Hubbard model [1], and the closely related t-J
model [2] occupy a central position in condensed mat-
ter physics. Though conceived more broadly as descrip-
tions of strongly correlated systems they are now per-
haps most famous as paradigmatic descriptions of the
high-temperature superconductors. As such, they have
motivated a wide range of theoretical works, and even
prompted experimental realisations in ultra cold atomic
systems.
Important theoretical progress has been made with a
range approximative techniques, ranging from Dynamic
Mean Field Theory to Projected Wave Functions and
Gutzwiller Wave Function methods. Central aims of
these works are the pairing mechanism, pairing symme-
try, the parameter range that exhibits superconductivity
and the extent to which they reproduce the physics ob-
served in the cuprates [3–10].
Despite considerable advances, a reliable phase dia-
gram for the Hubbard and t-J models has not been ob-
tained, and in many cases different numerical protocols
display notable discrepancies [11]. Ultimately, numerical
treatment of strongly correlated systems face a number
of challenges: The possibility of phase separation, stripe
formation [12], or other types of spatial ordering [13] is
highly problematic for any methods based on finite clus-
ter descriptions, as the domain size and shape, as well as
boundary conditions can affect the outcome [11]. Mean-
while, the prospect of competing states that are narrowly
spaced in free energy makes uncontrolled approximations
potentially very misleading [11, 14].
Recently, there has been a rapid development of com-
putational methods for addressing interacting fermionic
many-body systems. A few examples of techniques be-
ing explored in this capacity are DMRG [15], DCA [16],
Linked cluster expansion [17, 18], Auxiliary-field quan-
tum Monte Carlo [19] and Diagrammatic Monte Carlo
[20, 21]. These promising developments have not only
sparked a renewed interest in correlated electrons, but
have even resulted in the formation of a new scientific
body, namely the Simons collaboration on the many-
electron problem [22]. Recently, this group published a
benchmark, comparing a wide range of computational
techniques when applied to the Hubbard model.
The conclusion in this work is that a substantial part
of the ground state properties are now under control,
and that these appear to connect smoothly to finite
temperature results. The most substantial uncertain-
ties exist near half-filling and for interaction strengths
of 4 ≤ U/t ≤ 8 [23].
Given the challenges posed by high-temperature super-
conductivity, and strongly correlated systems in general,
methodological development is vital, and in particular,
controllable numerical techniques is a key factor in ob-
taining reliable phase diagrams of the relevant models.
Recently, part of the phase diagram for the Hubbard
model was obtained using Diagrammatic Monte Carlo
[21]. This technique is based on stochastic sampling
of the diagrammatic expansion which can be conducted
directly in the macroscopic limit, and correspondingly,
it is not susceptible to inappropriate boundary condi-
tions or domain shape. Also, it does not employ any
approximations beyond truncation of the diagrammatic
series, meaning that results are ultimately controllable.
With this method, the principal obstacle to simulation
of strongly correlated systems is the rate of convergence–
Strong inter-particle interaction implies a diagrammatic
series with a large expansion parameter, and this is gen-
erally detrimental to convergence. Also, in these regimes
the correction to the density matrix due to interactions
can grow extremely large, which also hinders conver-
gence. Thus, the work [21] was limited to moderate on-
site repulsions of U/t ≤ 4 and filling factors up to ∼ 70%.
Crucially however, it does report controllable and highly
accurate results for the pairing symmetry.
The fact that diagrammatic methods are limited to
fermionic systems and moderate expansion parameters
2has motivated a search for analytical techniques that al-
low mapping of various many-body problems onto de-
scriptions that comply with these restrictions. An ex-
ample of this is Popov-Fedotov fermionisation, which al-
lows spin-models to be mapped onto lattice fermions with
imaginary chemical potential [24], and which has success-
fully been used in combination with diagrammatic tech-
niques to address frustrated spin models [25–27]. A more
recent development is universal fermionisation, which has
been proposed as a means to remove large or infinite in-
teractions terms from lattice fermion models [28].
This article will discuss transformation techniques
aimed at the strongly correlated regime. In particular
it will be shown that it is possible to construct mappings
of the Hubbard and t-J models based on spin-charge
transformation in combination with fermionisation. Thus
transformed models are free of large expansion parame-
ters, and also exhibit much smaller corrections to the
density matrix from interaction terms. These two proper-
ties are essential for treatment with diagrammatic Monte
Carlo.
Fermionisation
The fermionisation technique proposed by Popov and
Fedotov [24] allows spins to be mapped onto lattice
fermions, and is very simple. The central idea is that
a spin state σ maps onto a state that has one spin-σ
fermion according to
|σ〉 → |nσ = 1, nσ¯ = 0〉, (1)
where σ¯ = −σ. The terms in the Hamiltonian that op-
erate on the spins must then be expressed in fermionic
operators accordingly. This construction does however
introduce unphysical states that corresponds to either 0
or 2 fermions that have no corresponding spin-state. Re-
markably, these can be projected out from the partition
function by the introduction of an imaginary chemical
potential term of the form:
H ′ = H +
∑
j
ipi
2β
(nj↑ + nj↓ − 1). (2)
This term removes unphysical contributions to the trace
by ascribing to them complex phases such that they can-
cel. Once the spin-operators in H are reformulated as
fermionic operators, the problem can be treated with Di-
agrammatic Monte Carlo [25–27]. It should be noted
that the Hamiltonian (2) is not Hermitian. However, the
non-Hermitian part only acts on unphysical states since
it is zero in the physical subspace. Thus, H ′ behaves as
a symmetric operator in the physical subspace.
A more general fermionisation technique aimed at
strongly correlated systems is universal fermionisation
[28]. This method allows the encoding of restricted
Hilbert spaces by the introduction of projection terms
in the Hamiltonian: Assuming a theory H on an unre-
stricted Hilbert space we may construct the correspond-
ing theory in a restricted Hilbert space H ′ as follows:
H ′ = H +
∑
j
ipi
β
Pj(njA − 1/2), [H,Pj ] = 0. (3)
Here, Pj is a projection operator onto the forbidden sub-
space (i.e. it returns 1 if the site j has a forbidden con-
figuration and zero otherwise). The term nA = c
†
AcA is a
number operator for a field of auxiliary spin-less fermions,
introduced in addition to the original degrees of freedom.
By this construction, contributions to the partition func-
tion from forbidden states obtain a complex phase that
results in their cancelation. Thus for example, summing
over the contributions that have Pj = 1, we obtain can-
celation between terms corresponding to nA,j = 0, 1 as
they enter with a phase difference of pi in the trace. In
the allowed sector, where Pj = 0, the introduction of an
additional fermionic field simply amounts to multiplying
the trace with a trivial number (2N , where N is the num-
ber of sites). As in (2), the non-Hermitian term operates
only on states outside the physical subspace.
This technique can for example be employed to the t-J
model to remove “forbidden” doubly occupied sites from
the trace. It has also been proposed as a way of dealing
with the Hubbard model at large U , by removing doubly
occupied sites and then reintroducing them in the form
of bosons that are subsequently fermionised, a procedure
referred to as second fermionisation [28].
Although universal fermionisation can encode restric-
tions in the Hilbert space for the t-J model, and also
remove large onsite repulsion in the Hubbard model, di-
agrammatic treatment of these systems breaks down at
half filling. This in turn is related to increasingly large
corrections to the density matrix from nonlinear terms
in this limit. This effect can be quantified by consid-
ering a restricted Hilbert space in the atomic limit and
computing an expansion in the projection operator. Let
H = −µ(n↑ + n↓) and introduce a parameter ξ for the
projection terms so that ξ = 1 corresponds to the fully
projected theory. We then find:
H ′ = −µ(n↑ + n↓) + ξ
ipi
β
n↑n↓(nA − 1/2), (4)
〈n〉 =
2eβµ + 2e2βµ cos(piξ/2)
1 + 2eβµ + e2βµ cos(piξ/2)
. (5)
A diagrammatic expansion in the projection operator is
equivalent to an expansion in ξ, thus one can easily de-
termine the perturbative order required to obtain 〈n〉
with a given accuracy goal. With the (very forgiving)
requirement that the error may not exceed 1% we find
the required expansion order to be as follows: For the
case βµ = 0 and 〈n〉=2/3 we require 4 orders, for the
case βµ = 3/2 and 〈n〉 ≈ 0.9 we require 16 orders, and
3for βµ = 4 and 〈n〉 ≈ 0.99 we find that an expansion
to order 100 is not sufficient. To put this in perspective,
with state of the art Diagrammatic Monte Carlo, expan-
sion orders up to 6 ≤ nmax ≤ 8 are typically viable for
fermionic field theories, so a wide range of filling factors
relevant to the cuprates are simply not tractable with
this approach.
The increasingly poor convergence properties at small
doping are related to large corrections to the density
matrix in the following way: Let Z0 = Z(ξ = 0) and
Z1 = Z(ξ = 1) be the partition functions of the unpro-
jected and projected theories. If βµ is large and positive,
then Z0 is dominated by the “forbidden” state with dou-
ble occupation, implying that Z1 ∼ e
−βµZ0 for βµ ≫ 1.
Thus, projection changes the weight w of an allowed state
by
w0 =
eE
Z0
→ w1 =
eE
Z1
∼
eE
Z0
eβµ, (6)
which is singular at half filling when βµ→∞.
To address this problem, it is not sufficient to trans-
form interaction terms, as this would preserve the cor-
rections to the density matrix. Rather, it is necessary to
change the basic degrees of freedom in such a way that
the new theory is devoid of any singularities or large ex-
pansion parameters.
Spin-charge transformation
It is possible to remove the singular corrections to the
density matrix by mapping onto a dual description that
treats holes and doubly occupied sites (doublons) on an
equal footing. In the original models the Hilbert space is
spanned by
|0〉, | ↑〉, | ↓〉, | ↓↑〉. (7)
This can be mapped onto a description in terms of spins
and spin-less fermions according to
| ↓↑〉 → |n∆ = 1〉 × |D〉, |0〉 → |n∆ = 1〉 × |H〉,
| ↑〉 → |n∆ = 0〉 × | ↑〉, | ↓〉 → |n∆ = 0〉 × | ↓〉. (8)
In this representation, a basis vector is characterised by
an occupation number for the spin-less fermions n∆ =
0, 1 and a spin that takes values ↑, ↓. The case n∆ = 1
corresponds to either a hole or a doublon, depending on
the corresponding spin state. In principe we can allow
|D〉 and |H〉, to take any values on the SU(2) sphere,
provided that they are orthogonal, 〈H |D〉 = 0, in order
for Eq. (8) to define an orthogonal basis. However in
practice the simplest choice is to take the eigenbasis of
Sz, for example |D〉 = | ↑〉, |H〉 = | ↓〉.
A mapping of the original fermionic operators that pre-
serves the anti-commutation relations can be constructed
according to
c†iσ → ∆i(|σ, i〉〈H, i|) + σ∆
†
i (|D, i〉〈σ¯, i|)
ciσ → ∆
†
i (|H, i〉〈σ, i|) + σ∆i(|σ¯, i〉〈D, i|) (9)
where σ = ±1, |σ = 1〉 = | ↑〉, |σ = −1〉 = | ↓〉, and
∆i, ∆
†
i are annihilation and creation operators of a spin-
less fermion on the site i. The operator |σ, i〉〈σ′, i| acts
on the spin of the lattice site i, where it changes the value
from σ′ to σ. Finally, σ¯ = −σ. A natural comparison
to this construction is the slave-Boson approach [29, 30].
However, the introduction of a spin, rather than a Boson
results in a direct correspondence between states in the
respective representations (8), thus eliminating the need
for any restrictions on the Hilbert space. This greatly
simplifies diagrammatic treatment.
Hubbard model
The Hubbard model takes the form
H = −
∑
i,j,σ
tijc
†
iσcjσ +
∑
i
(
Uni↑ni↓ − µni
)
, (10)
where c†σ, cσ are creation and annihilation operators of
a spin-σ fermion on i, ni,σ = c
†
i,σci,σ and ni = ni,↑ +
ni,↓. To obtain the spin-charge transformed Hubbard
model we insert 9 into 10. The inter-site terms then map
according to
c†iσcjσ →
{
∆i|σ, i〉〈H, i|+ σ∆
†
i |D, i〉〈σ¯, i|
}
×
{
∆†j |σ, j〉〈H, j| + σ∆j |D, j〉〈σ¯, j|
}
= −∆†j∆i|σ, i〉〈H, i| × |H, j〉〈σ, j| (11)
+∆†i∆j |D, i〉〈σ¯, i| × |σ¯, j〉〈D, j| (12)
+σ∆i∆j |σ, i〉〈H, i| × |σ¯, j〉〈D, j| (13)
+σ∆†i∆
†
j |D, i〉〈σ¯, i| × |H, j〉〈σ, j|. (14)
The corresponding physical processes are: Hole propa-
gation (11), Doublon propagation (12), Annihilation of
a doublon-hole pair (13) and Creation of a doublon-hole
pair (14).
The single-site terms in the Hubbard model map ac-
cording to
Hj = −µ
∑
σ
c†jσcjσ + Uc
†
j↑cj↑c
†
j↓cj↓ → (15)
−µ(1−∆†j∆j) + (U − 2µ)∆
†
j∆j |D, j〉〈D, j|, (16)
where the constant term −µ can be dropped.
As spins can not be treated directly with diagrammatic
techniques, they have to be mapped onto fermions via
Popov-Fedotov fermionisation [24]. Let the state vectors
map according to
|S = σ〉 → |nσ = 1, nσ¯ = 0〉, (17)
4and define the creation and annihilation operators of
the ’spin-fermions’ a†i,σ, ai,σ. This construction intro-
duces unphysical states that with nσ = nσ¯ = 0 and
nσ = nσ¯ = 1 that have no spin counterpart, and these
have to be projected out through an imaginary chemical
potential term of the form (2).
The spin operators map according to
|σ〉〈σ| →
(1
2
+ σSz
)
, Sz =
1
2
(
a†↑a↑ − a
†
↓a↓
)
|σ〉〈σ¯| → a†σaσ¯. (18)
This construction ensures that in the physical sector we
have |σ〉〈σ′| = a†σaσ′ . Meanwhile, the unphysical states
form a degenerate eigenspace of the spin operators:
|σ〉〈σ|a†↑a
†
↓|0〉 =
1
2
a†↑a
†
↓|0〉, |σ〉〈σ|0〉 =
1
2
|0〉
|σ〉〈σ¯|a†↑a
†
↓|0〉 = 0, |σ〉〈σ¯|0〉 = 0. (19)
Since the spin operators commute with a†↑a
†
↓, so does H .
However, H ′ does not commute with this operator due to
the imaginary chemical potential term (2). In particular
we find
[ ipi
2β
(nj↑ + nj↓ − 1), a
†
m↑a
†
m↓
]
=
ipiδjm
β
a†m↑a
†
m↓. (20)
Defining the self-adjoint projection operator onto the
empty site pm = (1 − nm↑)(1 − nm↓) and taking D
†
m =
a†m↑a
†
m↓, we can write the trace over all states that have
an unphysical occupation number at the site m as
Tr pm(1 +Dm)e
−βH′(1 +D†m)pm (21)
= Tr pm(1 +Dm)(1 +D
†
me
−ipi)e−βH
′
pm (22)
= Tr pm(1−DmD
†
m)pme
−βH′ = 0 (23)
and so we find that contributions from unphysical states
to the trace vanish as required. The spin-charge trans-
formed and fermionised Hubbard model then takes the
form
H =
∑
ij,σ
tij
{
∆†j∆i|σ, i〉〈H, i| × |H, j〉〈σ, j|
−∆†i∆j |D, i〉〈σ¯, i| × |σ¯, j〉〈D, j|
−σ∆i∆j |σ, i〉〈H, i| × |σ¯, j〉〈D, j|
−σ∆†i∆
†
j |D, i〉〈σ¯, i| × |H, j〉〈σ, j|
}
+
∑
i
{
µ∆†i∆i + (U − 2µ)∆
†
i∆i|D, i〉〈D, i|
+
ipi
2β
(niσ + niσ¯ − 1)
}
(24)
where we have defined
|σ, i〉〈σ, i| =
(1
2
+ σSi,z
)
, |σ, i〉〈σ¯, i| = a†i,σai,σ¯. (25)
The price of this transformation is a higher degree of
complexity of the Hamiltonian, but we also find that the
onsite repulsion Uni↑ni↓ is replaced by a much weaker in-
teraction ∼ U − 2µ which describes the energy difference
between holes and doublons. More important however
is that it is free of singular corrections to the density
matrix at half filling. Thus, unlike the original Hubbard
model, this theory can be transformed further via univer-
sal fermionisation if necessary. For instance, repeating
the treatment in the atomic limit (5) we find
H ′ = µ∆†∆+ ξ
ipi
β
P (nA −
1
2
) +
ipi
2β
(n↑ + n↓ − 1) (26)
〈1 −∆†∆〉 = 1−
e−βµ(1 + cos(piξ/2))
2 + e−βµ(1 + cos(piξ/2))
= (27)
1
1 + e−βµ
+
eβµpi2ξ2
16(1 + eβµ)2
−
eβµ(eβµ − 2)pi4ξ4
768(1− eβµ)3
+ ... (28)
and so when βµ ≫ 1, the corrections to the particle
density 〈1−∆†∆〉 are suppressed as ∼ e−βµ at all orders
finite in ξ, leading to exceptionally fast convergence.
The best way to solve (24) depends on model param-
eters. If U − 2µ is of order unity, then it can be solved
directly through diagrammatic expansion. If U → ∞,
then doublons can be regarded as a forbidden state
and removed through universal fermionisation along with
creation/annihilation of doublon-hole pairs and doublon
propagation. The problem can then be treated with di-
agrammatic methods. If U ≫ t but still finite, then
this problem can under certain circumstances be approx-
imated by the t-J model (which will be addressed below).
The most challenging situation arises when U − 2µ is
large, but U/t is not sufficiently large to motivate treat-
ment with the t-J model. In this case it is necessary to
employ second fermionisation [28]. This involves remov-
ing the doubly occupied sites via universal fermionisation
and then reintroducing them as hardcore bosons which
are subsequently fermionised. The resulting model will
be free of large expansion parameters and can be solved
through diagrammatic expansion.
t-J model
When the filling factor is less than unity and the onsite
repulsion is much greater than the bandwidth, the t-J
model can be derived as an effective description of the
Hubbard model through canonical transformation of the
latter and truncation of terms subleading to ∼ t2/U [2].
This model takes the form
H =
∑
ij,σ
tij(1 − c
†
iσ¯ciσ¯)c
†
iσcjσ(1− c
†
jσ¯cjσ¯)
+
∑
ij
Jij (Si · Sj −
ninj
4
)−
∑
j
µnj , (29)
where ni = c
†
i↑ci↑ + c
†
i↓ci↓ is the number operator.
5Inserting (9) into (29) and fermionising the spins, we
obtain the transformed t-J model:
H =
∑
ij,σ
tij∆
†
j∆i|σ, i〉〈H, i| × |H, j〉〈σ, j|
+
∑
ij
Jij(1−∆
†
i∆i)(1 −∆
†
j∆j)
(
Si · Sj −
1
4
)
+
∑
i
{
µ∆†i∆i +
ipi
2β
(niσ + niσ¯ − 1)
}
, (30)
where the spin operators are as before given by (25).
Since doubly occupied sites are forbidden they have to
be projected out via universal fermionisation. The pro-
jection operator (Pj in Eq. 3) maps according to
Pj = nj↑nj↓ → ∆
†
j∆j |D, j〉〈D, j| (31)
and we find that the projected t-J model takes the form
H ′ = H +
ipi
β
∑
j
∆†j∆j |D, j〉〈D, j|(c
†
jAcjA − 1/2), (32)
where c†jA, cjA are creation and annihilation operators
of the auxiliary fermionic field.
As doubly occupied sites are not part of the physical
space of the t-J model, the spin-less fermions can unam-
biguously be interpreted as holes with a chemical poten-
tial −µ. When βµ is large and µ ≫ zt the hole den-
sity vanishes, and we recover the fermionised Heisenberg
model. Thus, the transformed t-J model can be regarded
as a generalisation of the Popov-Fedotov technique to the
case of a doped system.
In conclusion, we find that by applying spin-charge
transformation to fermionic lattice models with large or
infinite onsite repulsion, we can remove the singular cor-
rections to the density matrix at half filling. This opens
up the way for fermionisation techniques to be used in
this parameter region to encode restricted Hilbert spaces
or transform strong inter-particle interactions via second
fermionisation. Thus transformed models posses expan-
sion parameters of order unity and can be efficiently ad-
dressed with diagrammatic simulation techniques. These
methods have proven to be extremely accurate for a wide
range models with moderate interaction terms. They also
give access to a wide range of observables, including den-
sity of states, particle/spin correlators and effective dis-
persion relations. Through the proper transformation
techniques, they can also be applied in the strongly cor-
related regime.
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